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Modality A: Final collection

This collection contains the questions from which the
Modality A final exam is drawn. Each question has ex-
actly one correct answer among the four options (a)—(d),
and requires a short mathematical derivation.

We use the following conventions. The function sinc(z) is
Smﬁ . A probability is denoted by Pr(-) and an expecta-
tion by E(-). A channel with input  and output y has law
W (y|z). In the discrete-time model of a complex AWGN
channel of noise spectral density Ny, each channel use adds
a circularly symmetric complex Gaussian noise sample of
variance 02 = Ny, that is, Ny/2 per real component, and
a passband transmission of bandwidth W and duration
T has WT channel uses. The bandwidth of a baseband
waveform is the extent of the positive frequencies where
its Fourier transform is nonzero, and a baseband waveform
of bandwidth W carries at most 2W symbols per second
without inter-symbol interference. The function rect(f)
equals 1 for |f| < 1 and 0 otherwise.

1. Consider the waveforms

¢1(t)={1 0§t§1

0 otherwise

¢2(t):{a+ﬂt 0<t<l1

0 otherwise,

with o, 8 € R. What is the value of |a| for which the
set {¢1, P2} is orthonormal?

Solution: A set of waveforms is orthonormal when

— [ 4. 4% _
every pair satisfies (¢;, or) = [ ¢i(t)op(t)dt =
dik, SO we need ¢1 and ¢s to have unit energy and to
be orthogonal. The first waveform has unit energy,
. 1 . .
since fﬂ dt = 1, whatever the values of a and S.

Orthogonality requires that

1 .

B

(1, ¢2) = / (a+pt)dt = a+ E
Jo

vanishes, which fixes § = —2«a. Unit energy of the
second waveform requires that

.1 22
/ (a+pt)?dt =a® +aB + =
0 3
equals 1. Sub%tirnting f = -2« in this expression,

the energy becomes a® —2a2+: fa %, and setting
it to 1 gives a = i\ﬁ with 8 = $2\f Both signs

give a valid orthonormal set, and in both cases |a| =

V3.

2. Let ¢(t) =1 for 0 < ¢t < 2 and ¢(t) = 0 otherwise.
Which of the following sets of waveforms is orthonor-
mal?

(a) {&(=2t), 6(21), H(2(t — 1))}
(b) {&(=t), ¢(1), 6(t —1)}

(c) {o(1), o(2t), &(31) }

(d) {o(=21), 6(2t), (2t — 1)}

Solution: Both conditions, unit energy and orthog-
onality, can be checked directly on the supports
of the waveforms. The waveform ¢(¢) has energy
[02 dt = 2, and the change of variable u = at shows
that its scaled version ¢(at) has energy

o 9
/ |p(at)|* dt = / 2du = —,
J- Jal lal

which equals 1 only when |a| = 2. This already dis-
cards options (b) and (c), which contain waveforms
with another scaling. Since all the waveforms are
rectangular, two of them are orthogonal if and only
if their supports overlap at most at one point. The
supports are [—1,0] for ¢(—2t), [0,1] for ¢(2t) and
[1,2] for ¢(2(t—1)), which share only their endpoints,
so the set in option (a) is orthonormal. In option (d),
the last waveform is ¢(2t—1) = ¢(2(t— —)) with sup-
port [2 2} which overlaps with the support of ¢(2t).
The two waveforms are therefore not orthogonal and
the set is not orthonormal.

3. Consider two waveforms ¢1(¢) and ¢2(t) and a complex
number a. Which of the following statements is true?

(a) If {¢1, P2} is orthonormal, then (¢1,¢1) = « for
every a with |a| = 1.

(b) If ¢1 and ¢ are linearly independent, then
(¢1,¢2) = 0.

(¢) If ¢1 has unit energy and ¢a(t) = a¢pi(t), then
(¢1,¢2) = ™. *

(d) If ¢1 and ¢o are orthogonal, then ¢1(t)pa(t) = 0
for all ¢.

Solution: Option (c) is true. If ¢o(t) = apy(t), then
the inner product is

o0 = [ or)(ani(0)
=a /X (o1 (t)]*dt = a

J =00

where the last equality uses that ¢, has unit energy.
Note that the conjugate falls on the second wave-
form, and hence on «.




Option (a) is false because (¢1, ¢1) is the energy of and
¢1, a nonnegative real number, and for an orthonor- . 179
mal set this energy is exactly 1. The e(?uality fails T, = / 2(t)¢* () dt = / ed2mt gy
for any other number of unit modulus, for instance J—oo Jo
a = j. Option (b) is false because linear indepen- pi2mt 2 i
dence does not imply orthogonality: two rectangular = { . } = —
o N . Jj2m Jj2m
waveforms with supports (0, 1) and (0, 2) are linearly
11.1depend.ent‘7 yet their inner producjc equals 1. Op- Using /™ = —1, the numerator equals —2 and the
tlo.n (d.) is false because orthogonality does not re- coefficient becomes &_; = —-=. Multiplying numer-
quire disjoint supports: the rectangular waveform on . T . 9
1 ator and denominator by j, and since j© = —1, we
[0,1] and the waveform that equals 1 on [0, 5) and bt J
—1 on [% 1] have zero inner product, although their obtain . =
product is nonzero at every point of [0, 1].
6. Consider the waveforms
4, Cons.ider the waveforms ¢;(t) = sinc(t) and ¢2(t) = 1 —1<t<1
/2 sinc(2t). Then, o1(t) = .
0 otherwise

(a

{$1, P2} is orthonormal.

)

(b) ¢1 and ¢ are orthogonal. ba(t) = {—1 0<t<1

(¢) ¢1 and ¢9 are linearly dependent. 0  otherwise,

(d) None of the above. *

and the triangular signal z(t) = 1 — |¢| for |¢| < 1 and

Solution: The inner product is easier to compute in z(t) = 0 otherwise, shown in black in the plots below.
the frequency domain, since by Parseval’s identity Which plot shows, in gray, the signal Z(t) = z1¢1(¢) +
(d1, P2) = (P1, d2). The waveform B sinc(Bt) has a xa¢2(t) built with the coefficients z; = (x, ¢;)7
rectangular Fourier transform, equal to 1 on [—%7 %]
and zero elsewhere, so ¢1(f) equals 1 on [—%,4] and 3 24

(Bz(f ) equals % on [—1,1]. The two transforms over- : 7
lap on the support of g?bl, and ;5 \J /"

o /2 4 1 -1 1
<¢17¢2> :‘/1/2\/§df: ﬁv (a) *

g

o
(

3 4 3 1
which is not zero: the waveforms are not orthogonal, 2 2
and hence not orthonormal either, even though both ! ! :
have unit energy, 1 and 2 - % respectively. They are Jékt Jé : .
not linearly dependent either. If a1 ¢ (f) + a2 (t) = — . -
0 for all ¢, the same relation holds between the trans-
forms, a1 1 (f) + azpe(f) = 0 for all . On the band (c) (d)
% <|fI <1 only $o is nonzero, which forces as = 0,

and then a; = 0 as well. Hence none of the three
statements holds.

Solution: The coefficients are the inner products of
the real signal with each waveform. The first one is
the area under the triangle,

5. Consider the orthonormal basis {¢;(t)}icz with

0o 1
gt (<< - / 2(1) (1) dt :/ (1=l dt =1,
9i(t) = {0 otherwise, S o
and the second one only sees the right half of the
and the signal z(t) = 1 for 0 < ¢t < 1 and z(t) = 0 triangle, with a change of sign,

otherwise. What is the value of the coefficient x_; = - |

(z,¢— ) in the projection of x(¢) onto this basis? Ty = / (1) o (t) dt = _/ (1—t)dt = _%.
—o00 0

(a
(b) O
(c) 5
(d)

) J2TK‘
The represented signal is therefore z(t) = ¢1(t) —
%(f)g(t)., which equals 1 on [—1,0), where only ¢ is
* nonzero, and 1 — 1 - (—1) = 2 on [0,1), where both
waveforms contribute. This is plot (a). Observe that

S

Solution: The coefficient is the inner product of the
signal with the basis waveform ¢_1(t) = e772™ on
[0, 1], Whos(‘ conjugate is /2™, Since z(t) vanishes
outside [0, 3], the integral reduces to that interval,

{¢1, 02} is not an orthonormal set, since ¢; has en-
ergy 2 and (¢, ¢2) = —1, so Z(t) is not the orthogo-
nal projection of z(t) onto the space they span. This
is why Z(¢) can exceed the signal on [0,1).

7. The signal x(t) = sinc(¢) is represented using the sam-



pling waveforms ¢;(t), ¢ € Z, with Fourier transforms

¢i(f) =

R \/Lie—j”f —-1<f<1
0 otherwise,
as T(t) = Y ;" x;¢i(t), where z; = (x, ¢;). For m =
1, the Fourier transform of Z(t) is, for —1 < f <1,
(a) % + L cos(nf)
(b) % 3 ; cos(2n])
(c) 2 = COS(Wf)
d) 5+% V2 cos(r f)

Solution: The waveforms ¢;(t) are the sampling
waveforms for signals band-limited to W = 1: in
the time domain, ¢;(t) = v/2 sinc(2(t — %)), shifted
copies of one unit-energy sinc at the sampling in-
stants <. The coefficients can be computed as inner

2
products in the frequency domain,

- /X ()o1(f) df

“ [ rotias= ()

where the last equality is the inverse Fourier trans-
form evaluated at ¢ = &, valid because (f) =
rect(f) vanishes outside [—1,1]. Hence the coeffi-
cients are samples of z(t) at the instants %, scaled
by % For m = 1 we need three of them: xg =

|

\% sinc(0) = % and, since sinc(£3) = Si“ﬂ(%m =2
T =12 = % . % = Q By lineafity, the F?Ill‘iel‘
transform of z(t) is x_ 1¢) 1(f) +zoo(f) +z161(f),
which for —1 < f <1 equals
1 1 1 1 2
™5+~ = 54 —cos(nf),
s 2 2

and is zero outside that interval. Observe that the
three-term approximation already resembles Z(f) =
rect(f): it is close to 1 around f = 0 and small near

[fl=1.

8. What is the output of the following MATLAB code?

a=1+ (rand < 0.5);
phil = @(t) sinc(t);
phi2 = @(t) sinc(axt);
= @(t) phil(t).*conj(phi2(t));
integral(f, -inf, inf)

(a) A zero-mean Gaussian random variable with vari-
1
ance 3.
(b) A discrete random variable taking the values %
and 1 with equal probability. »
(¢) A uniform random variable in the interval (1,2).
(d) A discrete random variable taking the values 0

and 1 with equal probability.

Solution: The first line draws a uniform number in
(0,1) and compareq it with so a equals 2 with
probability 1 5 and 1 otherwise. The last line com-

"D D[ =

o

10.

putes the inner product

(h1, P2) / sinc(t) sinc(at) dt

OZ ) dfa

8

where Parseval’s identity moves the calculation to
the frequency domain. There, ¢y(f) = rect(f) is
o r(\,(:ta.ngl() .of height 1 on [f% 1], and bo(f) =
irect(f/a) is a rectangle of height 1 on [—%,%].
When a is 1 the two rectangles coincide and the in-
tegral is the energy of sinc(t), equal to 1. When a
is 2 the narrower rectangle selects [—1, 1], where the
product equals %, and the integral is 5. The out-
put is therefore a discrete random variable taking

the values 1 and % with equal probability.

. A waveform ¢(¢) with Fourier transform

. {\/§ —t<f<i

0 otherwise

is used to transmit information as Y ;- X;¢(t —iT),
where the X; are symbols from an 8-PSK constellation
and T is the symbol period. What is the maximum
rate that avoids inter-symbol interference?

(a) 1 bit per second.
(b) 1 bit per second. *
(¢) 3 bits per second.
(d) 6 bits per second.

Solution: The transform is nonzero only for |f| < £,
so the bandwidth of ¢(t), defined as the extent of its
positive frequencies, is W = ]6 Hz. The amplitude
V3 fixes the energy of the waveform, f_lif/’() 3df =
1, but plays no role in the rate. By the Nyquist
criterion, shifted copies of a waveform of bandwidth
W can be orthogonal at a symbol rate of at most 2W,
so the maximum symbol rate without inter-symbol
interference is

1
Ry =2W = 3 symbols per second.
Each 8-PSK symbol carries log, 8 = 3 bits, since
three bits are mapped one-to-one onto the eight sym-
bols, and the maximum bit rate is R, = 3Rs = 1 bit
per second.

A waveform  ¢(t) with  similarity function
Ryy(T) = sinc(27) is used to transmit informa-
tion as > oo X;¢(t —iT), where the X; are symbols
from an M-QAM constellation and T is the symbol
period. The maximum rate without inter-symbol
interference is

(a) 210g2M bits per second. *
(b) Lzl
(c) logz bits per second.
(d) log2 M bits per second.

M hits per second.



Solution: The shifted waveforms ¢(t — iT) are free
of inter-symbol interference when they are orthogo-
nal, that is, when the similarity function Rge(7) =
J75 o(t)¢*(t — 7) dt vanishes at every nonzero mul-
tiple of the symbol period, Rye(kT) = 0 for k =
+1,+2,... Since sinc(z) = w vanishes at every
nonzero integer x, the function sinc(27) vanishes at
T = i%, +1, i%, ... The smallest admissible symbol
period is the first zero, T = %, and every multi-
ple of it is then a zero as well. The symbol rate is
Ry = % = 2 symbols per second, and since an M-
QAM symbol carries log, M bits, the maximum bit
rate is Ry, = 2logy M bits per second. The same
value follows from the frequency domain: sinc(27)
is the inverse transform of a rectangle on [—1, 1], so
¢(t) has bandwidth W =1 and Ry = 2W = 2.

11. A communications system uses the frequencies in the
interval (—50,50) MHz. Using a 256-QAM constel-
lation, what is the maximum transmission rate, in
Mbit /s, without inter-symbol interference?

(a) 12800
400

Solution: The baseband w fl <50
MHz, so its bandwidth, the extent of the positive fre-
quencies, is W = 50 MHz. By the Nyquist criterion,
the maximum symbol rate without inter-symbol in-
terference is Ry = 2W = 100 Msymbol/s. A constel-
lation of 256 = 28 points carries log, 256 = 8 bits per
symbol, so the maximum bit rate is R, = 8 - 100 =
800 Mbit/s. The value 400 would result from forget-
ting the factor 2 of the Nyquist rate, and the value
12800 from that same mistake together with multi-
plying by 256 instead of by log, 256.

12. Let ¢(t) = 1 for 0 < t < T and ¢(t) = 0 otherwise.
A digital data transmission system sends two indepen-
dent bits Dy and Ds, each with Pr(D; = 0) = ¢, by
constructing the waveform

- o T

X(1) = 945 (1) + P25 o1 1),
Successive pairs of bits are sent with time-shifted copies
of X(t). What is the maximum transmission rate, in
bits per second, if the waveforms of different pairs must
not overlap in time?

(a
(b

(c
(d

SRS

)
)
)
)

Solution: The waveform is the sum of two rectan-
gular pulses of duration 7', the first one occupying
[0,7) and the second one, delayed by ?, occupy-
ing [T 5T) The complex exponentials only set the
phase of each pulse, 1 or 5 according to the bit, and
do not change their supports, so the prior ¢ plays no
role either. The waveform therefore lasts % seconds,

and the next pair of bits can only be sent after that
time if the waveforms must not overlap. Two bits
every % seconds give a maximum rate of

2

4
R) = — = —
T 3T/2 3T

bits per second.

13. What is the minimum value of T in the following trans-
mission system to avoid inter-symbol interference? The
number of symbols n and the positive constants b and
c are given.

phi = @(t) sinc(b*t);
= Q(t) Oxt;
for i = 1:n

a = sign(randn);
x = @(t) x(t) + axphi(t - ixc*T);
end
(@) & -
i
C E
4
d) 3
Solution: The loop builds the transmitted signal

z(t) = Y0 a;¢(t —icT), where each a; = £1 is
a binary symbol drawn with sign(randn) and the
pulses are spaced ¢TI’ seconds apart, so the effective
symbol period is ¢I'. There is no inter-symbol in-
terference when each pulse vanishes at the centers
of all the other pulses, that is, when ¢(kcT') = 0
for every integer k # 0. Since sinc(z) vanishes at
every nonzero integer, ¢(t) = sinc(bt) vanishes at
t = i iz....., and the condition holds whenever
cl'isa Inultlple of %. The minimum value is obtained
for ¢T' = %, that is, T = %

14. What is the energy of the waveform

o(t) = et 0<t<1
0 otherwise?
(a) 1
®) 5
(c) =5— «
(d) 1-%

Solution: The energy of a waveform is the integral of
its squared modulus, E = [*_|z(t)|?dt. Since z(t)

vanishes outside [0, 1] and \(J"L|2 e~2t, the integral

reduces to
1

FE = e 2t = {
Jo

e 2t 171 e ? 717672
2 1, 2 2 2

2 is the result of forgetting the

—2t

The option 1 — e~
factor % produced by the derivative of e

15. What is the energy of the complex-valued signal z(t) =
1+-e’t with support (0, %), that is, 2(t) = 0 outside that
interval?

(a) 2
(b) 247 *



Solution: For a complex-valued signal the energy
is E = [%_|z(t)|*dt, with the squared modulus
|z(t)|* = z(t)x*(t) and not the square of the signal.
On the support,

1+ ?=(1+e")(1+e)
=24+l 4t = 2+ 2cost,

where the last step uses Euler’s formula e/ + e3¢ =

s

2cost. Integrating over (0, 5),

/2 T /2
E:/O (2+2cost)dt:2-§+2[sint]0 =7m+2.

Note that the two terms of 2(t) have energies 7 each,
and their sum 7 is not the energy of the sum: the
cross term 2 cost contributes the extra 2, because the

s

two terms are not orthogonal on (0, 7).

16. For some a,b > 0 with a # b, a modulation system
maps two equiprobable independent bits (Dy, D) to
the symbol

a+jb (D1, D2) = (0,0)
x = Ja—db (D1, D2)=(0,1)
jb (D1, D2) = (1,0)
a (D1,D5) = (1,1).

What is the average energy of the symbol X7
a2 2
(a) 2 + 3%
(b) a? +b?
(c) 2(a® +b?)
(d) ab

Solution: The energy of a symbol is its squared mod-
ulus | X|?, and the average energy is its expectation
over the bits, F; = E(|X|?). The four symbols have
energies |a + jb|> = a? + b2, |a — jb|? = a® + V?,
|7b? = b? and |a|? = a?. Since the two bits are inde-
pendent and equiprobable, each pair (D1, Ds), and
hence each symbol, has probability l1 so that

 3a% + 37

E, =
‘ 4

(2(a* + %) + b* + a?)

e

The value a® + b? would be the energy if all four
symbols were placed at the same distance from the
origin, which is not the case here.

17. A data transmission system maps two equiprobable in-
dependent bits (D1, Ds) to the signal X (t) = D1¢(t) +
Dyp(t — 1), where ¢(t) =1 for 0 < ¢ < 2 and ¢(t) =0
otherwise. What is the average energy per bit of X (¢)?

(a) 1

(b)
(c)
(d)

wlorojot N

Solution: The two pulses ¢(t) and ¢(t — 1) occupy
[0,2] and [1, 3], so they overlap on [1,2] and are not
orthogonal: the energy of the signal has to be com-
puted for each of the four bit pairs. For (0,0) the
signal is zero and its energy is 0. For (1,0) and (0, 1)
the signal is a single pulse of amplitude 1 and dura-
tion 2, with energy ]02 dt = 2 and []5 dt = 2 respec-
tively. For (1,1) the signalis 1 on [0, 1) and on (2, 3],
and 2 on [1,2], with energy

1 2 3
/dt+/ 22dt+/ dt=1+4+1=6.
0 1 2

Each pair has probability %, so the average energy
of the signal is (0 +2+ 2+ 6) = 2, and since the
signal carries two bits the average energy per bit is

5/2
Eb: é -

ot

18. What is the value of A for which the average energy
of the constellation with symbols s shown in the figure
equals 17 The symbols are used equiprobably.

Im(s)

2A @

—~~ —~

a
b
¢

TS

)
)
)
)

d

—

Solution: The average energy of an equiprobable
constellation is the arithmetic mean of the squared
moduli of its points, E5 = E(|s|?). The six points are
0, A, 2A, jA, 25A and A+ jA, with squared moduli
0, A%, 4A2, AQ,I 4A? and 2A2, whose sum is 12A2.
Hence E; = % = 2A2 and setting 2A? = 1 gives
A = \L@ Note that the symbol at the origin costs
no energy but still counts in the average.

19. Consider the signal z(t) = a161(t) + a2¢2(t), where a;
and ay are independent zero-mean unit-variance Gaus-
sian random variables, and ¢1(t) and @2(t) are unit-
energy waveforms. What is the average energy of (t)?

(a) Tt cannot be determined without knowing (g1, ¢2).
2 %

Solution: The average energy is the expectation
of the energy over the random coefficients, E =
E([7 |z(t)|*dt). Expanding the squared modulus
of the sum,

|2()]* = laa [*¢1 ()] + |az]*| @2 (1)




and integrating, the first two terms give |a;|? and
laz|?, since both waveforms have unit energy, while
the cross term gives 2 Re(aia3 (¢, ¢2)). Taking ex-
pectations, E(|a1|?) = E(Jaz|?) = 1 by the unit vari-
ance, and E(aja}) = E(a1)E(a2)* = 0 by indepen-
dence and zero mean, so the cross term vanishes
whatever the value of (¢1,¢3). The average energy
is therefore £ = 1+ 1 = 2. The inner product of
the waveforms would matter for the energy of each
realization, but not for its average.

20. What is the most likely output of the following MAT-
LAB code?

n = 100000;

aux = rand(1,n);
xx(aux > 0.25) = 1j;
xx(aux < 0.25) 3;
1/n*sum(xx.*conj (xx))

(a) 3
(b) 5
(c) 2
(d) 7

Solution: The vector aux contains n independent
uniform numbers in (0, 1), and the two assignments
build a vector xx whose entries are j when the uni-
form number exceeds i and 3 otherwise. Hence xx
is a sequence of n independent symbols X; from
the constellation {j,3}, with Pr(X = j) = 2 and
Pr(X = 3) = 1. The product xx.*conj(xx) is the
squared modulus of each entry, that is, the energy
of each symbol, and the last line averages these en-
ergies. By the law of large numbers, for large n the
average of independent realizations approaches the
expectation, so

=3.

= ©

1o 3 1 3
=S IXiP ~E(X]?) = ZliP + <187 = T +

The output is the average symbol energy of the con-
stellation, close to 3.

21. What is the most likely output of the following MAT-
LAB code?

p = 0.25;
n = 100000;
out = 0;
for i = 1:n
s = rand;
out = out + log2(p)*(s<p)
+ log2(1-p)*(s>p) ;

) 2— 3log, 3

) 1+ 71logy3
(¢) =2+ 2logy 3 »
(d) —1—31log, 3

Solution: In each iteration the uniform number s

is below p with probability p = ;11, in which case

the code adds log, p, and above p with probability

1-p= 2, in which case it adds log, (1—p). The event
s = p has probability zero. The last line divides the
sum by n, so the output is the average of n indepen-
dent realizations of a random variable Y that takes
the values log, p and log, (1 — p) with probabilities p
and 1 — p. By the law of large numbers the average
approaches

E(Y) = plogyp + (1 — p)logy(1 — p)
1 1 3 3
= Zlog2 1 + ZIng 1

Since log, % = —2 and log, % = logy, 3—2, this equals
—2 +3log,3—2 = -2+ 2log,3 ~ —0.81. The

output is the negative of the binary entropy ha(p) at
p = %: the code estimates —hs(p) by Monte Carlo.

22. What is the most likely output of the following MAT-
LAB code?

n = 100000;
out = 0;
for i = 1:n
s = 3%rand - 1;
out = out + (s > 1)/n;
end

o
[=1
ot

—~ o~
T o

—
o

N N N N

O[O NI | 0 | =

d

—

*

Solution: Since rand is uniform in (0, 1), the variable
S = 3rand — 1 is uniform in (—1,2), an interval of
length 3, with density % on it. The comparison (s
> 1) is 1 when the event {S > 1} occurs and 0 oth-
erwise, so out accumulates the fraction of iterations
in which the event occurs. By the law of large num-
bers, the relative frequency of an event approaches

its probability,

21 1
Pr(S>1)=/ —ds =,
1

3 3
the fraction of the interval (—1,2) that lies above 1.

The output is therefore close to %

23. What is the most likely output of the following MAT-
LAB code?

n = 100000;
out = 0;
for i = 1:n
s = randn;
out = out + abs(s)/n;
end
out

N[ 3=
RENE
*

—
[o})



Solution: The function randn returns a standard
Gaussian random variable S, with zero mean, unit

variance and density fs(s) = —L_¢=5*/2 The loop

V2
averages n independent realizations of |.S], so by the
law of large numbers the output approaches E(|S]).

Since the integrand |s|fs(s) is even,

B = [ slfsrds == [T se " as

and the substitution u = s2/2, with du = sds, turns
the last integral into [~ e~ du = 1. Hence E(|S|) =

\/% = \/g ~ 0.80. Note that the mean of S itself is

0. The absolute value makes the average positive.

24. What is the most likely output of the following MAT-
LAB code?

n = 100000;
out = 0;
for i = 1:n
s = randn + lj*randn;
out = out + abs(s)~2/n;
end

ISIELSIEN N
*

Solution: Each call to randn is an independent stan-
dard Gaussian variable, so S = S, + 7.5; is a complex
Gaussian random variable whose real and imaginary
parts are independent, with zero mean and unit vari-
ance each. The loop averages n independent realiza-
tions of [S]? = 5% + 52, and by the law of large
numbers the output approaches

E(|S[?) = B(S?) + E(S}) =1+1=2,

where each term is the variance of a zero-mean unit-
variance variable. In communications terms, s is a
sample of complex Gaussian noise of total variance
0% = 2, split equally between the two components.
A noise sample of variance 1 would require (randn
+ 1j*randn)/sqrt(2).

25. What is the differential entropy, in bits, of an exponen-
tial random variable with mean 27

Solution: ~ The differential entropy of a ran-
dom variable X with density f(x) is h(X) =

— ffooc f(x)logs f(x)dx. An exponential variable
with mean 2 has density f(z) = %e“”/Q for x > 0,
whose logarithm is log, f(x) = —1— § log, e. There-

fore

h(X) = /ODC f(:z:)(l + glog2e) dz

:1+10(3726

E(X) =1+ log,e,

where the first term uses that the density inte-
grates to 1 and the second one that E(X) = 2. In
general, an exponential variable with mean p has
h(X) =logs(ep), which grows with the spread of the
distribution, as for the uniform and Gaussian cases.

26. What is the differential entropy, in bits, of a real-valued
random variable with density f(z) = e=2/*I?

(a) log,(2e)

(b) 2logye
(c) logy e *
(d) log, §

Solution: The density is a two-sided exponential,
symmetric around 0, and it integrates to 1 since
2[000 e 2*dr = 1. Its logarithm is log, f(x) =
—2|z|log, e, so that

h(X)

. / " f() log, f(2) da

210g26/ lzle=21*l dz = 21og, e - B(|X]).

By symmetry, E(|X[) =2 [[Fwe ?*dz =21 = 1,

the mean of an exponential variable with parameter

2. Hence h(X) = log,e.

27. What is the differential entropy, in bits, of a complex
random variable whose real and imaginary parts are in-
dependent zero-mean Gaussian random variables with
variances 1 and 2, respectively?

(a) logy(V2e)
(b) logs(v/8me) *
(c) logy(v/3e)
(d) log,(3me)

Solution: A complex random variable is a pair of real
random variables, and when its real and imaginary
parts are independent its differential entropy is the
sum of their entropies, since the joint density factor-
izes and the logarithm of a product is the sum of the
logarithms. A real Gaussian variable of variance o2
has differential entropy % log,(2mes?), so

1 1
hZ) = 5 log, (2me) + 5 log, (4me)
1
=5 log, (872e?) = log, (V8 me).

For comparison, a circularly symmetric complex

Gaussian variable of total variance 3, with variance
3 per component, would have h(Z) = log,(3me),

which is larger: for a given total variance the en-
tropy is maximized when the two components share
it equally.




28. What is the differential entropy, in bits, of a symbol

generated in MATLAB as x = 0.5%(randn + 1)7
log, (me)
(a) s

(b) log, (me)+1
2

(C) 10g22(71'e) +1

(d) 10g2(721'e)—1 *

Solution: Since randn is a standard Gaussian vari-
able S, the symbol X = £(S + 1) is Gaussian with
mean % and variance adding a constant shifts
the mean and scaling by % divides the variance by
4. The differential entropy of a Gaussian variable
depends only on its variance,

W= H

1
hMX) = 3 log, (2mea?)

1 e logy(me) —1
2 2 2 ’

Solution: We use the decomposition I(X;Y) =
H(Y)—H(Y|X). Given the input, the output equals
the input with probability 1 — p and is flipped with
probability p, so H(Y|X = x) = ha(p) for both in-
puts and H(Y|X) = ha(p). With equiprobable in-
puts the output is also equiprobable, since Pr(Y =
1) = %(1 —p)+ %p = %, and H(Y) = 1 bit. Hence

I(X;Y) =1- ha(p),
which is the capacity of the BSC: it equals 1 bit for

a noiseless channel, p = 0 or p = 1, and vanishes for
p= %, where the output is independent of the input.

31. A channel with input X € {0,1} and output ¥ € {0,1}
has transition probabilities W (1]0) = & and W (0[1) =
0. What is the mutual information I(X;Y") when the
input bits have probabilities Pr(X = 0) = 1 — ¢ and
Pr(X = 1) = ¢q7 Here ha(p) denotes the binary entropy
function.

The mean plays no role: shifting a density does not
change its differential entropy. Scaling by % reduces

the entropy of randn, %, by log, 2 =1 bit.

29. What is the entropy, in bits, of a symbol generated in
MATLAB as x = (rand > 0.5) + (rand > 0.5)7

Solution: Each comparison (rand > 0.5) is an in-
dependent equiprobable bit, since a uniform number
exceeds % with probability %, and the two calls to
rand are independent. The symbol is the sum of
two such bits, a discrete random variable with val-
ues 0, 1 and 2 and probabilities Pr(X = 0) = i,
Pr(X =1) = § and Pr(X = 2) = 1, because 1 is
obtained from two of the four equiprobable bit pairs.
Its entropy is

H(X)=- Z Pr(x)log, Pr(z)
x€{0,1,2}
:2-1-2+1~1:15bits
4 2 ‘ ’
less than the 2 bits of the pair of bits, since the sum
discards which of the two bits is 1. An entropy can
never be negative, which discards option (a) without
computation.

30. A binary symmetric channel (BSC) with crossover
probability p has input X € {0,1} and output YV €
{0,1}. What is the mutual information I(X;Y") when
the input bits are equiprobable? Here hao(p) denotes
the binary entropy function.

Solution: Again I(X;Y)=H(Y)— H(Y|X). When
X = 0 the output is equiprobable, so H(Y|X =
0) = 1. When X = 1 the output is always 1, since
W(0|1) = 0, so H(Y|X = 1) = 0. Averaging over
the input, H(Y|X)=(1—-¢q)-1+¢-0=1—gq. The
output takes the value 1 with probability

Pr(Y =1)=(1—q)W(1|0) + ¢W (1]1)

1—g¢q _1+gq
g 9T Ty

so H(Y) = hg(l#) and I(X;Y) = hg(l#)f(lfq).
As a check, for ¢ = 1 the input is deterministic and
the mutual information is ho(1) —0 = 0. For ¢ = 0 it
is hz(é) — 1 =0 as well, since a deterministic input
carries no information.

32. A binary erasure channel (BEC) with erasure proba-
bility £ has input X € {0,1} and output Y € {0,1,7},
where 7 denotes an erasure. What is the mutual infor-
mation I(X;Y) when the input bits are equiprobable?

(a) 0

—
o
S—
W=
%

Solution: Given the input, the output is either the
input itself or an erasure, each with probability %
so H(Y|X = z) = ho(3) = 1 bit for both inputs and
H(Y|X) = 1. The output distribution is Pr(Y =
0) = Pr(Y = 1) = 1 and Pr(Y =7?) = 1, with

entropy

1 1 3
H(Y)=2'110g24+§10g22: 5 bits.

Hence I(X;Y)=H(Y) - H(Y|X) =32 — 1= 1 bit.



This is the general rule for the BEC with erasure
probability £ and equiprobable inputs: a fraction 1 —
€ of the input bits arrive intact and the rest carry
nothing, so I(X;Y)=1—e.

33. A complex-valued channel has input X € {—1,+1},

equiprobable; and output Y = X 4+ Z, where Z is cir-
cularly symmetric complex Gaussian noise with zero
mean and variance o2. What is the probability density
function of the output Y'?

(a) —Lye—lvl*/o?
(b) i (e—\y—u?/az L lyriP/e?)
(c) 2%(e—w—nz/az 4 €—|y+1|2/a2>

)

(d %<e—|y—1|2/az 4 e—\y+1|2/a2)

Solution: Given the input x, the output ¥ = x + Z
is a complex Gaussian variable centered at x with
the same variance as the noise, so the channel law is
the noise density shifted to x,

1 b
Wlyla) = —gelvorl/e?

where the factor mlT > normalizes a circularly symmet-

ric complex Gaussian density of variance o?. The
output density follows from the law of total proba-
bility, averaging the channel law over the input dis-
tribution,

fy(y) =

ze{-1,+1}
1 2 2 2 2

_ —ly=1"/c —ly+17/c

- 2702 (e ’ te )’

Pr(z)W (ylz)

a mixture of two Gaussian densities centered at £1.
Options (c¢) and (d) are not normalized, and option
(a) is the density of the noise alone. This output
density is the one needed to compute the mutual in-
formation of the channel, through h(Y) —h(Y|X) =
h(Y) — logy(mea?).

34. What is the limit of the capacity, in bits per second,

of the complex AWGN channel with power P = 1 and
constant noise spectral density Ny = 1 when the band-
width grows without bound, W — oo?

Solution: The capacity of the complex AWGN chan-
nel in bits per second is

. P
C = Wlogy(1+ N()ﬂ/,),
the capacity per channel use, log,(1 + Fs/0?) with
symbol energy E; = P/W and noise variance o2
Ny, multiplied by the W channel uses per second. As
W grows the argument of the logarithm approaches
1, and the expansion log, (1 + u) ~ ulog, e for small

35.

36.

37.

u gives

P
CrW- log, e = — log, e,

o
NoW No

which for P = Ny = 1 equals log,e ~ 1.44 bits
per second, or exactly 1 nat per second. The ca-
pacity does not grow without bound with the band-
width: each additional hertz brings less capacity, be-
cause the signal power is spread over more dimen-
sions while the noise power per dimension stays con-
stant.

We want to transmit reliably over a complex AWGN
channel with bandwidth W = 2 and power P = 3 at a
rate of R = 4 bits per second. This is possible if and
only if the noise spectral density N, satisfies

(a) No >
(b) Ny <
(C) Ng > 5
(d) N() < 5 *

==l

Solution: Reliable communication is possible if and
only if the rate is below capacity, R < C =
W log2(1 + NO%) With the given values the con-
dition reads

3
4<21<)g2(1+m>,

that is, the logarithm must exceed 2. Since the log-

arithm is increasing, this holds when its argument
exceeds 22 = 4, that is, when Tim > 3, or Ny < %

The noise must be weak enough for the required rate,
and the boundary value Ny = % is the one at which
the capacity equals exactly 4 bits per second.

We want to transmit reliably over a complex AWGN
channel with bandwidth W = 2 and noise spectral den-
sity No = 411 at a rate of R = 4 bits per second. This is
possible if and only if the power P satisfies

(a) P<
(b) P>
(¢) P>
(d) P<

[MIEENIEENI VS GY

Solution: The condition R < C' becomes 4 <
2log, (1 + No%) = 2log, (1 + 2P), since NoW = 3.
Dividing by 2 and using that the logarithm is increas-
ing, logy(142P) > 2 holds when 14 2P > 4, that is,
P> % As in the previous problem, the boundary
value gives exactly 4 bits per second: 2log,(1+3) =
4. Note the roles of the two parameters: the condi-
tion only involves the ratio P/Ny, here required to
exceed 6.

We want to simulate the transmission over a
continuous-time complex AWGN channel with noise
spectral density Ny = 2, duration T = 2 and band-
width W = 2. If randn returns a real Gaussian sample
of zero mean and unit variance, which command gen-
erates one noise sample of the discrete-time model of
this channel?

(a) (randn + 1j*randn)/sqrt(2)



(b) randn + 1j*randn
(c¢) sqrt(2)*(randn + 1j*randn)
(d) 2*(randn + 1j*randn)

Solution: Projecting the received waveform onto the

WT = 4 orthonormal waveforms of the transmis-
sion gives the discrete-time model Y; = X, + Z;,
i = 1,...,4, where the noise samples Z; are in-

dependent circularly symmetric complex Gaussian
variables with variance o2 = Ny each, that is, Ng/2
per real component. The duration and the band-
width fix the number of samples, but not their
variance. With Ny = 2 each sample needs real
and imaginary parts of variance 1, which is exactly
what randn + 1j*randn produces, since E(|Z|?) =
E(Z2) + E(Z?) = 1+ 1 = 2. Option (a) generates
variance 1, option (c¢) variance 4 and option (d) vari-
ance 8. The sign of the imaginary part is irrelevant,
since randn is symmetric.

38. The capacity of the discrete-time model of a complex
passband AWGN channel with bandwidth 2 Hz and
transmission duration 3 seconds is 1 bit per channel
use. What is the capacity of the channel in bits per
second?

N~ o~
Qo T o
Na AN NN
DN o=

*

Solution: A complex passband transmission of band-
width W and duration 7" provides WT orthonormal
waveforms, that is, WT channel uses, so the channel
is used W times per second. Here the whole trans-
mission has W1 = 6 channel uses carrying at most
6 bits, and the rate in bits per second is

6 bits

C= = 2 bits per second,
3s

which is the capacity per channel use, 1 bit, multi-
plied by the W = 2 channel uses per second. Di-
viding further by the bandwidth gives the spectral
efficiency, 1 bit per second and per hertz, which co-
incides with the capacity per channel use.

39. A coded-modulation system uses the MATLAB func-
tion bit2symENC(b,k,n,E) to encode k information
bits b into n symbols of a complex constellation with
average energy E, and sym2bitDEC(y,n,k) to decode
n channel outputs into k bits. What is the maximum
rate, in bits per channel use, at which the following
system can transmit reliably?

b = (rand(1,k) < 0.5);

X = bit2symENC(b,k,n,6);

z = randn(l,n) + 1j*randn(l,n);
y=x+ z;

best = sym2bitDEC(y,n,k);

Solution: The first line generates k independent
equiprobable bits, which are encoded into n sym-
bols of average energy Fs = 6. The third line adds
complex Gaussian noise whose real and imaginary
parts have unit variance, so the noise variance per
channel use is 02 = 2 and the signal-to-noise ratio is
E/o? = 3. Whatever the constellation and the code,
the rate k/n of a reliable system cannot exceed the
capacity of the complex AWGN channel per channel
use,

E,
C= log2<1 + —2> =log,(1+3)=2
o
bits per channel use. Achieving it would require, in

addition, a constellation of many more than 4 points,
with Gaussian-like statistics, and a long code.

40. Consider a complex AWGN channel with bandwidth
W, power P = 1 and noise spectral density Ny = 1.
Which of the following statements is false?

(a) As W — oo, reliable communication is not possi-
ble above 1 nat per second.

(b) For W = %, reliable communication is possible at
% bits per second. *

(c) For W = %, reliable communication is possible at
}L bits per second.

(d) For W = 1, the capacity is 1 bit per second.

Solution: With P = Ny = 1 the capacity is C =
W log2(1 + %) bits per second, and reliable com-
munication is possible at any rate below it. For (a),
the limit as W — oo is ]\% log, e = log, e bits per
second, that is, 1 nat per second, so the statement is
true. For (b), W = 1 gives

bits per second,

b

1
C= glog2(1+3) =

Wl N

which is below the claimed 3: the statement is false.
1;“01' (c), W = 1 gives C = llog,8 = 2, above
7> S0 the statement is true. For (d), W = 1 gives
C = log,2 = 1 bit per second, also true. Observe
that reducing the bandwidth from 1 to % reduces the
capacity only from 1 to % since the signal-to-noise
ratio per channel use, % grows as the bandwidth

shrinks.

[N

41. A bit B with Pr(B = 0) = 1 is sent over the channel

3

Y = 3(-1)B — Z, where the noise Z is uniform in
(—3,4) and independent of B. What is the bit error
probability of the optimal detector?

@) &
(b) 3
(c)

(d)
Solution: The optimal detector is the MAP rule,
which chooses the bit with the largest Pr(b)W (y|b).
The noise density is % on (—3,4), so given B = 0 the
output Y = 3 — Z is uniform on (—1,6) and given
B =1 the output ¥ = —3 — Z is uniform on (-7, 0),

1

both with density =. Outside the overlap only one

Rl |00



hypothesis is possible: the detector decides B =0for
y > 0 and B =1 for y < —1, without error. On the
overlap (—1,0) the two likelihoods coincide and the
prior decides: Pr(0)W(y|0) = & - 1 is smaller than
Pr(1)W(y|1) = 2 - 1, so the detector chooses B=1.
The only error event is therefore B = 0 together with

Y € (—1,0), with probability
0
1
- = s
3 /,1 7Y
2

Pr(B=0)Pr(Y € (—-1,0) | B=10) !
1

1

An ML detector, which ignores the prior, would have

to break the tie on the overlap arbitrarily. Choosing

_ ; i . 2.1 _ 2
B =0 there would give the larger error 5 - = = 57.

42. Equiprobable symbols X € {1,2} are sent over the
multiplicative channel Y = XZ, where Z is uniform
in [0, 1] and independent of X. What is the maximum
likelihood detector?

(a) X=1ifY <1,and X =2if Y > 1. «
(b) X =1ifY <3, and X =2if Y > 2.
() X=1ifY>1,and X =2if Y < 1.
(d) X=1ifY >3 and X =2if Y < 2.

Solution: The ML detector chooses the symbol under
which the observation is most likely, so we need the
channel law W (y|z) for each symbol. Given X =1
the output is Y = Z, uniform on [0, 1] with density
W (y|l) = 1 there. Given X = 2 the output is ¥ =
27, which stretches the uniform density over [0, 2]:
W (y[2) = % on [0, 2], since the total probability must
remain 1. Comparing the two, for 0 < y < 1 we have
W(y|ll) =1> 1 = W(y|2) and the detector chooses
X =1. For1< y < 2 only X = 2 is possible, since
W (y|1) = 0, and the detector chooses X = 2. The
threshold is at y = 1, the largest output that X =1
can produce, and not at the midpoint 3 of the two
symbols: the midpoint rule is a property of additive
Gaussian noise, not of this channel. The resulting

error probability is Pr(X = 2)Pr(Z < ) =14 = 1.

43. Equiprobable symbols = € {—2,2} are sent over the
complex AWGN channel with noise variance o2 = 1.
A detector decides & = 2 if Re(y) > 0 and & = —2 if
Re(y) < 0. What is its error probability? Recall that

erfe(u) = \/l; I e~ dt and that erf(u) = 1 — erfe(u).

(a) Lerfc(2) *

(b) ierfc(—2)

(©) Lerf(2)

(@ ferf(-2)

Solution: This detector is the ML detector: the

channel law W (y|z) = %e"y*x‘z is largest for the

symbol nearest to y, and the two symbols are real,

so only the real part of y matters and the boundary

is the midpoint Re(y) = 0. Given = = 2, the real

part Re(Y) = 2 + Re(Z) is a real Gaussian variable
0_2

with mean 2 and variance % = %, since the noise

variance is shared equally by the two components.

An error occurs when it is negative, with probability

1 .
e (=2 gy,

Pr(Re(Y)<0|z=2)= /‘0

J —c ™
1 /:’O 2
= — e " dt
VT /o
1
=3 erfc(2),

where the change of variable ¢ = 2 — u maps the
interval (—00,0) to (2,00). By symmetry, the error
probability given x = —2 is the same, and the aver-
age over the two equiprobable symbols is %erfc(Q),
about 2.3 - 1072, Option (b) is close to 1, option
(c) is § — 3 erfc(2) ~ 0.498, the error probability of
a detector that nearly ignores the observation, and
option (d) is negative.

44. A coded-modulation system sends one information bit
D as the pair of symbols (D) = (X1, X3) with X; =
Xy = VE, D, over the complex AWGN channel with
noise variance o2 = 1. What is the set of all received
pairs y = (y1,y2) for which the two likelihoods coin-
cide, W2 (y|x(0)) = W?(ylz(1))?

(a) Re(y1) = Re(y2) =0

(b) Re(y1) = Re(yn) = 3=
(c) Re(y1) + Re(yz) =0
(d) Re(y1) + Re(y2) = VEs »

Solution: The channel is memoryless, so the likeli-
hood of the pair is the product of the likelihoods of
its two symbols,

W2(ylz(D)) = W (y1| X1)W (2| X2)
_ Ll —VEDP - VEDP

2
The two likelihoods coincide when the exponents do,
that is, when

1 = VE + vz — VE =[] + [yl

Expanding |y; — VEs]* = |yi> — 2v/Es Re(y:) + Es,
the terms |y;|? cancel on both sides and the condition
becomes —2v/E;(Re(y1) + Re(yz)) + 2B = 0, that
is, Re(y1) + Re(ya) = V/Fs. This is the boundary
of the ML decoder: it decides D = 1 when the sum
of the real parts exceeds v/Es and D = 0 otherwise.
Only the sum matters, since the two symbols carry
the same bit, and the imaginary parts play no role
because both codewords are real.

45. A bit is sent over a bit-flipping channel with flip prob-
ability p < % using a repetition code of length n and

a majority-vote decoder, which breaks ties at random.
The error probability is, for odd n,

rm= 3 (J)ra-or



and, for even n, the detector never errs. Averaging over the bit,

n 1
P.(n) = %(n/2)pn/2(l p)"/? Pr(best #b) = 1 (bl— Oi- 3 +Pr(b=1)-0
s (Ppra-ar SiaTw

The threshold at 0 is the MAP choice. On the over-
lap (0,2) of the two output ranges both likelihoods

For which of n = 3 and n = 4 is the error probability ; )
equal 7 and the prior favors b = 1, so deciding 1

larger? ) - L ‘
(a) 3 there is optimal and g is the smallest possible error
n =

probability. A threshold ¢ € (0,2) would give %,
which grows with t.

(b) n
(c¢) It depends on the value of p
)

(d) Both give the same error probability 47. A stream of bits is divided into consecutive groups of

10 bits, and each group is mapped onto a sequence
of n symbols of a 3-PSK constellation. What is the
smallest n for which the mapping from bits to symbols
is reversible?

Solution: For m = 3 an error occurs when two or
three of the received bits are flipped,

Pe(3) = (g)pg(l —p)+ (g);ﬁ

(a) 5
= 3p*(1 —p) +p° = 3p® — 2p°. (b) 6
(¢) 7x
For n = 4 an error occurs when three or four bits are (d) 8
flipped, and with probability % when exactly two are
flipped, since the vote is then tied, Solution: A mapping is reversible when different

groups of bits are always mapped onto different se-
quences of symbols, so that the bits can be recov-
ered from the symbols. There are 2'° = 1024 differ-
ent groups of 10 bits and 3™ different sequences of n
ternary symbols, so reversibility requires 3" > 210,

P =3 ()20 -+ ()0 »

()

=3p°(1—2p+p°) +4p*(1 — p) +p*
= 3p? — 2p°.

The two expressions coincide for every p. Adding

that is,

0
n > — ~ 6.31.
log, 3

Since n is an integer, the smallest admissible value is
n = 7, which provides 37 = 2187 sequences, whereas

a fourth repetition does not help: the extra bit can
only create ties, and a random tie-break is exactly as
good as not having the bit. This is why repetition
codes are used with odd lengths.

n = 6 provides only 3% = 729 < 1024. The resulting
rate is 1—70 ~ 1.43 bits per symbol, below the log, 3 ~
1.58 bits that a 3-PSK symbol can carry, because 2*°
is not a power of 3.

46. A data transmission system works as follows. 48. A stream of bits interleaves control and information

b = (rand > 0.25); data so that 1 bit out of every 12 carries control com-
X = 2%b; mands. The stream is encoded with a channel code of
z = 4%rand - 2; rate g, and then groups of 7 coded bits are mapped

y =x + z;
best = 0.5 + 0.5%sign(y);

What is the error probability Pr(best # b)?

onto sequences of n symbols of a 5-PAM constellation,
with n the smallest length for which the mapping is
reversible. What is the information rate of the sys-
tem, in information bits (excluding control bits, before

éag ? encoding) per modulation symbol?
5k
(c) 1 () ¢
(@ 1 (b) 3
(c) 5+
Solution: The first line generates a bit with Pr(b = (d) 2
1) = i and Pr(b = 0) = _ll mapped to the symbols

Solution: We follow 12 bits of the stream through the
system. Of these, 11 are information bits and 1 is a

control bit. The I"zl’r,e—%S code produces 7 coded bits

z = 2 and x = 0. The noise z = 4rand —2 is uniform
in (—2,2), and the detector decides best = 1 when
y > 0 and best = 0 when y < 0, a threshold at 0.

When b = 0 the output is y = 2, and the detector
errs when z > 0, with probability % When b =1
the output is y = 2 + z € (0,4), always positive, so

for every 6 input bits, so the 12 bits become 14 coded
bits, that is, two groups of 7. Each group of 7 bits has
27 = 128 possible values, and n symbols of a 5-PAM
constellation have 5" values. Since 5% = 125 < 128
and 5% = 625 > 128, the shortest reversible mapping



uses n = 4 symbols per group. The 12 stream bits
thus occupy 2 -4 = 8 symbols, and the information
rate is

_ 11 information bits 11

8 symbols 8

bits per symbol. The three stages each cost rate:

the control bit ({3), the code (£) and the mapping

(% bits per symbol instead of log, 5 ~ 2.32), and the
product 11 - 8- I recovers .

49. We want a coded-modulation system that transmits 2
information bits per symbol. The k information bits
are encoded by repeating each of them r times, and
the coded bits are mapped onto n symbols of a con-
stellation with 64 points. What is the value of r?

Solution: The repetition code turns k information
bits into rk coded bits. A constellation of 64 = 26
points carries 6 coded bits per symbol, so the rk
coded bits occupy n = % symbols. The information
rate is the number of information bits per symbol,

k k

R=o—_"_
n rk/6

6 ..
= — bits per symbol,
,

and the requirement R = 2 gives » = 3. In general,

a repetition code of length r followed by an M-point
. log, M .
constellation has rate 22— bits per channel use: the

constellation provides log, M coded bits per symbol
and the repetition divides them by r.

50. A coded-modulation system sends the result of throw-
ing a fair die, that is, the number of dots on the top
face. Fach result is repeated r = 4 times, and each
repeated value is mapped onto one symbol of a constel-
lation with 6 points. What is the rate of this system,
in die throws per symbol?

Solution: The rate of a coded-modulation system
counts the amount of source information carried per
transmitted symbol, here measured in die throws
rather than in bits. Omne throw has 6 equiproba-
ble outcomes and the constellation has 6 points, so
without repetition each throw would occupy exactly
one symbol and the rate would be 1 throw per sym-
bol. With the repetition code, each throw is sent as
4 identical values, each mapped onto one symbol, so
a throw occupies 4 symbols and the rate is

1 throw 1
= ———— = — throws per symbol.
4 symbols 4

In bits, a throw carries logy, 6 ~ 2.58 bits and the

rate is # ~ 0.65 bits per symbol. Option (b) is
therefore the same rate in different units, but not the
one asked for.



